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TAKESHI KATSURA 

Abstract. We investigate C*-algebras generated by scaling elements. We gen- 
eralize the Wold decomposition and Coburn's theorem on isometrics to scaling 
elements. We also completely determine when the C*-algebra generated by a 
scaling element contains an infinite projection. 



0. Introduction 

For a (complex) Hilbert space Ti, we denote by 03 the C*-algebra of all 
bounded operators on H, and define a Hilbert space 7i°° by 



^°°=|(a)neN ^nen,J2Unf <Oo\ 



neN 

An isometry on 7i is a bounded operator T E ^{Ti.) satisfying T*T = I-h where In 
is the identity operator in 03 (7i). An isometry T is said to be proper if TT* ^ In- 
For a Hilbert space 7i, we define an operator S^. G by 5'7.^(^0;^i; • • • ; ) = 

(0, ^i! • • • ; ) for (^0; ^1; • • • ; ) ^ 'H'^ . The opcrator Sn is a proper isometry when 
7^ 0. Conversely, the following proposition, called the Wold decomposition, says 
that any proper isometry is essentially the direct sum of an element in this form and 
a unitary (see jDl Theorem V.2.1] for a proof). 

Proposition. Let T be an isometry in ^(7i). Then there exist two Hilbert spaces 
Til and 7^2, and an isomorphism Ti = Ti.^ © 7^2 such that T is unitarily equivalent 
to Sni®U e miHf © 7^2) for a unitary U G 53(7^2). 
The isometry T is proper if and only if Tii 7^ 0. 

We call S = Sc E ^(C°°) the unilateral shift. The C*-algebra generated by the 
unilateral shift S is called the Toeplitz algebra and denoted by T. In jn], Coburn 
showed the following theorem using the Wold decomposition. 

Theorem. (Coburn) For a proper isometry T, there is a *-isomorphism ip from T 
to the C*-algebra C*(T) generated by T such that (p{S) = T. 

A projection P in a C*-algebra 2t is said to be infinite if there exists f/ e 21 such 
that U*U = P and UU* < P where UU* < P means UU* < P and UU* ^ P. 
Otherwise we say that a projection P G 2t is finite. Existence of a proper isometry 
on a Hilbert space Ti shows that the unit I-^ of *B(7i) is infinite. It is important 
to determine whether a given C*-algebra contains an infinite projection or not. To 
this end, Blackadar and Cuntz introduced the following notion in |BCj . 
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Definition. (Blackadar, Cuntz) An element X of a C*-algebra is called a scaling 
element if {X*X)X = X and X*X ^ XX*. 

Note that the condition {X*X)X = X is equivalent to {X*X){XX*) = XX*. 
Since a partial isometry U satisfying UU* < U*U is a scaling element, a C*-algebra 
containing an infinite projection has a scaling element. The converse is true if a 
C*-algebra is unital or simple (see |BCj or |KH Proposition 4.2]). However there 
exists a (non-unital, non-simple) C*-algebra which has a scaling element but does 
not have an infinite projection (see Theorem E). 

In this paper, we generalize two results above on isometrics to scaling elements, 
and investigate the structure of C*-algebras generated by scaling elements. To state 
the main results, we need several notions. 

Definition. For an operator A G ^(7i), we define an operator Sa G ^(?i°°) by 
Sa{^o, ^1, •••,) = (0, A^o, 6, • • • , ) for (^0, 6, • • • , ) e 

A 

Sa= 

In 



We have Sj^ = Sj^. For any operator A G 23(7i), Sa G fB(7i°°) is a scaling 
element. Our first result is the Wold decomposition of scaling elements. 

Theorem A. Let X G 03 (7Y) be an element satisfying {X*X)X = X. Then there 
exist three Hilbert spaces Hi, H2 and TC3, and an isomorphism H = TC^ © 7^2 © '^^s 
such that X is unitarily equivalent to Sa®U Q)0 where A is a positive operator in 
?B(Hi) whose support is /-^^ and U G 25(7^2) is a unitary. This decomposition is 
unique up to unitary equivalence. 

Such X is a scaling element (i.e. X*X ^ XX*) if and only if Hi ^ 0. 

We will prove Theorem A in Section 1. Next we state the generalization of 
Coburn's theomrem to scaling elements. We denote by sp(74) the spectrum of an 
operator A, and by Ic the characteristic function of a set C. It is easy to see 
0, 1 G sp(|X*|) C [0, 00) for a scaling element X. 

Definition. A scaling element X is said to be non-proper if sp(|X*|) \ {0, 1} is com- 
pact, and l{i}(|X|) = lsp(|x*|)\{o}(|-^*|)- Otherwise, we say that a scaling element 
X is proper. 

For a positive operator A G ^(7^), Sa G fB(7i°°) is a scaling element with 
spd^^l) = sp(yl) U {0, 1}. Using the operators Sa, we can show the following. 

Theorem B (Existence theorem). For any compact set Q with 0, 1 G C [0, 00), 
there exists a scaling element X with sp(|X*|) = Q. If such Q satisfies that fi\{0, 1} 
is non-empty and compact, then there exist both a proper scaling element and a 
non-proper one whose spectra are Q. 

Note that a scaling element X is proper if sp(|X*|) \ {0,1} is empty or non- 
compact. The following uniqueness theorem is a generalization of Coburn's theorem. 
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Theorem C (Uniqueness theorem). Let X, Y be scahng elements. There exists a *- 
isomorphism C*{X) C*{Y) with ^{X) = F if and only if sp(|X*|) = sp(|r*|) 
and X, Y are simultaneously proper or non-proper. 

Theorem C easily follows from the next proposition which concerns with a hier- 
archy of C*-algebras C*{X) generated by scahng elements X. 

Proposition D. Let X,Y be scahng elements. 

(i) When X is proper, there exists a *-homomorphism cp: C*{X) — > C*{Y) with 
V?(X) = y if and only if sp{\X*\) D sp(|y*|). 

(ii) When X is non-proper, there exists a *-homomorphism ip: C*{X) C*{Y) 
with ^p{X) = y if and only if sp(|X*|) D sp(|y*|) and Y is non-proper. 

Clearly the *-homomorphism cp in the proposition above is, if it exists, unique 
and surjective. In Section 3 we will prove Proposition D and the following theorem, 
by using the theory of C*-algebras arising from constant maps studied in Section 2. 

Theorem E. Let X be a scaling element. The C*-algebra C*{X) has an infinite 
projection if and only if [0, 1] \ sp(|X*|) 0. 

1. The Wold decomposition of scaling elements 

In this section, we prove the Wold decomposition of scaling elements (Theorem 
A). For an operator X G ®(7i), we denote by 1{X) (resp. t(X)) the left (resp. 
right) support of X. Namely /(X) (resp. r{X)) is the smallest projection of 03 (Ti) 
satisfying 1{X)X = X (resp. Xr{X) = X). 

Take an element X e ^{H) satisfying {X*X)X = X. We set Pq = r{X) and 
= 1{X). Since {X*X)X = X, we have X*XP^ = P^. Hence we get Pq > Pq. Set 
P3 = In- Po and = PsH. Then we have P3X = XP3 = 0. Set Qo = Pq- P^ and 
Xq = XQq. Since r{X) = Pq > Qo, we have r(Xo) = Qq. We define Qi = 1{Xq) and 
Ui = XQi. Clearly we have Qi < P^. Since X*XPl^ = P^, we have X*XQi = Qi. 
Thus U^Ui = Qi. Since X*XP^ = QqX*XPI^ = Qo^o = 0, we have QiXP^ = 0. 
This implies that 

Q^X = QiXPo = QiXQo + QiXPl, = QiXQq = XQo. 

Recursively we define projections Q2,Q^,-- - and partial isometrics U2,Uz, . . . by 
Qn = f/n-if/*_i and Un = XQn- From Q„ < P^, we have X*XQn = Qn- Hence 
U*Un = Qn- By the definition, we have Qn+i = XQnX* for n > 1. Thus we get 
Qn+iX — XQnX*X — XQn- For n > 1, we have QoQn = because Qn < Pq. 
For A; > 1, we have QkQn+k = iXQk-iX*){XQn+k-iX*) = XQ^-iQu+k-iX*. Thus 
recursively we can show that QmQn = for < m < n. Therefore {QnlneN is a 
family of mutually orthogonal projections. Set Pi = X^^gp^ Qn- We have 

00 00 00 

Pix ^Y^QnX = J2q-^ = Y. ^^-1 = ^^1- 

n=0 n=l n=l 

Let Xq = Uq\Xq\ be a polar decomposition of Xq. Then we have UqUq = r(Xo) = 
Qq and f/of/g = 1{Xq) = Qi. Since r(|Xo|) = /(lATol) = Qo, the restriction of 
|Xo| on the Hilbert space Hi = QqH gives a positive operator A e Q3(7ii) with 
r(A) = 1{A) = It-c^. By using partial isometrics {Un}nm, we have a unitary from 
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PiTi to Tif^. Via this unitary, the operator PiX = XPi G ?B(Pi?i) is unitarily 
equivalent to Sa G ^(H^). We set P2 = - - P3 and X2 = P2X = XP2. Since 
P2< Po< Po, we have /(X2) = r{X2) = P2- We can easily check (X*X2)X2 = X2. 
This shows that X*X2 = X*X2P2 = ^2- Hence we get X*X2 = X2X* = P2- 
Therefore the restriction of X on 7-^2 = P2'^^ is a unitary in 23(7^2)- The uniqueness 
of this decomposition follows from the argument above and the uniqueness of polar 
decomposition. This shows the former part of Theorem A, and the latter part is 
obvious. 

Similarly as [0], we can deduce Proposition D from Theorem A. However the 
computations we need here is much harder than the ones in [C]. In this paper, we 
will prove Proposition D by using the general theory of C*-algebras arising from 
constant maps. 

2. C*-ALGEBRAS ARISING FROM CONSTANT MAPS 

In this section, we study the structures of C*-algebras arising from constant maps. 
In the next section, we apply the results of this section to the C*-algebras generated 
by scaling elements. 

Take a locally compact space Vt and a point v of Vt. We fix them throughout 
this section. An (VL^v)-pair a pair (7r,t) consisting of a *-homomorphism vr and a 
linear map t from Co(fi) to some C*-algebra 21 satisfying 

t{frt{g) = TriJg), t{f)n{g) = t{fg), ii{mg) = f{v)t{g) 

for f,g& Co{Q). Note that the second condition automatically follows from the first 
one (see |K2j ). 

Definition 2.1. Let us denote by (vr, t) the universal (n,f)-pair, and by T{Q,v) 
the C*-algebra generated by the images of vr and t. 

The universality means that for any (f2, f )-pair (tt, t) on a C*-algebra 2t, there 
exists a *-homomorphism p: T{Q, f ) — 21 with vr = pojf and t = pot. The existence 
of the universal (f2, f )-pair follows from a standard argument, and the uniqueness is 
easy to see. 

Lemma 2.2. Both tt and i are injective. 

Proof. It suffices to find one (fi, f )-pair (vr,t) such that vr and t are injective. Let 
us take a faithful representation ip: Co{fl) — > ?B(7i). We define an injective *- 
homomorphism vr: Co{Q) — > ?B(7i°°) by 

^(/)(eo, 6, 6, • • • , ) = ivimo, f{v)^i, f{v)^2, ...,) 

for / G Co{fl) and (^o, ^1, • • • , ) ^ 'H°°. We define an injective linear map t: Co{Q) 
Q3(H°°) by t{f) = ShttW) for / G Co(fi). Then the pair (vr,t) is an (fi,t;)-pair. We 
are done. □ 

For a while, we suppose that Q \ {v} is compact. We denote by V an isome- 
try t{ln) G T{Q,v). The C*-algebra T{Q,v) is generated by the isometry V and 
Tf{C{Q)). By the proof of Lemma the projection P = 7r(l{„}) — VV* is non-zero. 
Let us define / C T{Q, v) by the closure of the linear span of 

S = {VPiV*)"" I n,m G N}. 
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Lemma 2.3. The subset I is the ideal ofT{Q,v) generated by P, 

Proof. It suffices to see that the hnear span of £ is closed under the multiphcation 
by V, V* and n{C{^)) from left. For / G C(fi), we have T:{f)V = f{v)V and 
n{f)P = — 7r{f)VV* = f{y)P. Hence the linear span of £ is closed under 

the multiplication by 7r(C(i7)) from left. Clearly it is closed under the multiplication 
by V from left. We have V*P = 1^*7r(l{4) - V*VV* = V* -V* =0. This shows 
that the linear span of £ is also closed under the multiplication by V* from left. We 
are done. □ 

Definition 2.4. When Q \ {v} is compact, we define a C*-algebra 0{Q,v) by 
0{Q,v) = T{Q,v)/L 

We denote by /C the C*-algebra of compact operators on the Hilbert space C°°. 
The matrix unit of /C is denoted by {Un,m | n, m G N}. 

Lemma 2.5. The map V"'P{V*)"^ ^ Un,m induces an isomorphism I = K,. 

Proof. This follows from routine computation. □ 

Let (vr, t) be an t>)-pair, and 21 be the C*-algebra generated by the images of vr 
and t. By the universality, there exists a surjection p: T(fi,f) — 21 with it = p o fc 
and t = p o t. When Q \ {v} is compact and 7r(l{t,}) = t(ln)t(lc)*, the surjection 
p: T{fl,v) — > 21 factors through a surjection p: 0{fl,v) 21. By using results in 
|K2j . we get the following. 



Proposition 2.6. (i) When Q \ {v} is not compact, the surjection p is an iso- 
morphism if and only if vr is injective. 

(ii) When Q \ {v} is compact, the surjection p is an isomorphism if and only if 
n is injective and 7r(l{^}) 7^ 

(iii) When fl \ {v} is a non-empty compact set and n^l^yj) = t{ln)t{lQ)* , the 
surjection p: 0{Q,v) % is an isomorphism if and only if tt is injective. 

Proof. We define a continuous map r : Vt ^ Vt hy r{x) = v for all x G Q, and set 
a topological graph E = fi, id, r) (see [K2\ ). If Q \ {v} is not compact, then 
we have = 0. Thus r{Q,v) = T{E) = 0{E). When Q \ {v} is compact, we 
have = {v}. Hence we get r{n,v) = T{E) and 0{n,v) = 0{E). It is easy to 
verify that the topological graph E is topologically free when Q 7^ {v}. Therefore 
(i) and (iii) follows from |K2t Theorem 5.12], and (ii) follows from |K3t Proposition 
3.16]. □ 

When n = {v}, we have T{n,v) = T and 0{n,v) = C{T) where T is the 
one-dimensional torus. Thus in this case, (ii) in the proposition above is Coburn's 
Theorem introduced in the introduction, and the corresponding statement of (iii) 
does not hold. 

Let us take a closed subset Q' of Q with v G Q'. The universal (f2', f )-pair 
is denoted by {if',t'). By the universality, there exists a surjection p: T{Q,v) —>■ 
T{Q', v) with tt'oct = povr and t' oa = pot where a: Co{Q) —>■ Co{Q') is the natural 
surjection. The kernel of a is Co{Q \ Q'). 

Proposition 2.7. The kernel of p is isomorphic to Cq{Q \ Q') (S> /C. 
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Proof. Let J be the closure of the hnear span of elements in the form 

i{fl)i{f2) ■ ■■iUn)mK9mr ■ ■ ■%2)%i)* 

where fi, . . . , f^, gi, . . . , gm £ C*o(^) and h E Co{Q \ Q'). It is routine to check that 
J is the ideal generated by 7t{CQ{Q \ ^'))- It is also routine to see that the map 

J3i{h)---i{u)n{h)i{g^y---iig,y 

^fliv) ■ ■ ■ fniv)gmiv) ■ ■■giiv){h (g) Un,m) G Co(^^ \ ^^') ® /C 

induces an isomorphism. We will show that J = ker p. Since if{Co{^ \ ^')) C ker p, 
we have J C ker p. Hence the surjection p: T{Q,v) — > T{Q',v) factors through 
cp: r{n,v)/J r{n',v). since 7r(Co(n \ n')),i{Coin \ n')) C J, we have a *- 
homomorphism tt': Cq{Q') —>■ T{Q,v)/J and a linear map t' : Cq{Q') T{Q,v)/J 
such that n' = (f o tt' and t' = (f o t' . The pair (vr', if:') is an t;)-pair. Hence 
we get a *-homomorphism T(fi', f ) f )/ J which is clearly the inverse of the 

surjection ip. Thus J = ker(p). □ 

When Q \ {v} is compact, Q' \ {v} is also compact. In this case, the surjection 
p: T{Q,v) —>■ T{Q',v) induces the *-homomorphism p: 0{Q,v) —>■ 0{Q',v). By 
Lemma [2.31 the kernel of the surjection p is also isomorphic to Cq{Q \ Q') ^ K,. 

By taking Vl' = {v}, we get the following commutative diagram with two exact 
rows; 

^ Coin \ {v}) ^ Coin) C > 

> Coin\{v})(gK > Tin,v) T > 0. 

By this diagram, we see that T(n, v) is a type I C*-algebra. By Lemma v) 
is also type I when \ {f } is compact. 

Proposition 2.8. The * -homomorphism vr: Co(l^) — * T(f2, t;) induces an isomor- 
phism between K-groups. 

Proof. It is well-known that the left and right vertical maps in the diagram above 
induce isomorphisms on i^-groups. Hence the 5-lemma shows that vr: Co(fi) 
T(fi, v) also induces an isomorphism between i^-groups. □ 

Remark 2.9. By using the isomorphism T(f2, f) = TiE) explained in the proof of 
Proposition l2.6l Proposition 12. SI follows from |K2l Lemma 6.5] (see also [Pl Theorem 
4.4] or |K4| Proposition 8.2]). By |K2t Corollary 6.10] with some computation, we 
see that the i^'-groups of the C*-algebra f) = OiE) is isomorphic to the ones 
of C(f2 \ {f }) when Vt \ {v} is compact and non-empty. 

The next two lemmas are standard, hence we omit the proofs. 

Lemma 2.10. Let Q be a compact space, andv, w be points in Q. The two evaluation 
maps ev„,ev„,: C(i7) — » C induce same maps on K-groups if and only if v and w 
are in a same connected component. 

Lemma 2.11. A projection PofT defines in KoiT) if and only if P is finite. 

Proposition 2.12. The C* -algebra T(r2, v) has an infinite projection if and only if 
there exists a compact open subset C of fl containing v. 
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Proof. Suppose that there exists a compact open subset C of containing v. Set 
U = t{lc) G T{Q,v). We will show that this partial isometry U satisfies UU* < 
U*U. When Q = {v}, the C*-algebra T{Q,v) is isomorphic to the Toeplitz algebra 
and f/ is a proper isometry. Thus UU* < U*U. Otherwise, we can find Wi G C \ {v} 
or W2 ^ ^ \ C . When there exists Wi G C \ {v}, we can find / G Co(^^) satisfying 
< / < 1, f{v) = 1, f{wi) = and f{w) = for w G \ C. Then we have 

UU* = nif)UU*nif) < 7i{f ) < 7r(lc) = U*U. 

Hence UU* < U*U . When there exists U72 G ^7 \ C, we can find g G Co{Vt) 
satisfying < < 1, g{w2) = 1, and g{'w) = 1 for to G C. Then we have 
UU* = i{g)TT{lc)i{g)* < i{g)i{gy. Take h G Co{n) with h{w2) = 1 and h{w) = for 
w eC. Since UU*i{h) = and i{g)i{g)*i{h) = i{ggh) ^ 0, we have UU* ^ i{g)i{g)* . 
Hence UU* < t{g)t{g)* < U*U. Therefore, if there exists a compact open subset C 
of fl containing v then the C*-algebra T{Q, v) has an infinite projection. 

Conversely suppose that there exist no compact open subsets of fl containing v. 
To derive a contradiction, we assume that the C*-algebra T(f2, v) has an infinite 
projection P. Take U G T{Q,v) with U*U = P and UU* < P. Set Q = UU* 
and Pq = P — Q. By Lemma 12.101 the evaluation map ev^,: Co{^) —>■ C at v & Q 
induces map between i^'-groups. Hence the natural surjection p: T{fl, v) ^ T also 
induces map between i^'-groups, because the three vertical maps in the following 
commutative diagram induce isomorphisms on i^'-groups; 

^ Co(fi \ {v}) > CoiSl) C > 

TT TT 

> kerp > r{n,v) — ^ T > 0. 

Thus p{P) defines in Kq(T). By Lemma ri.lll p{P) is finite. Hence we have p{P) = 
p{Q). Thus Pq G kerp. Since the map vr: Co{fl \ {v}) — >• kerp is an isomorphism 
onto a full corner, there exists a non-zero projection Pq in Mf,(Co(f2 \ {v})) for 
some 77, G N whose image by if defines the same element as Pq in ii'o(kerp). Since 
every non-zero projection in M„(Co(f2)) defines non-zero elements in Kq{Co{Q)), 
the image of Pq by the natural embedding Cq^Q \ {v}) Co{Q) defines a non-zero 
element in Ko{Co{Q)). This shows that Pq G T{Q,v) defines a non-zero element 
in Kq{T{Q,v)). This is a contradiction because Pq = U*U — UU*. Therefore if 
there exist no compact open subsets of Q containing v, then T{Q,v) has no infinite 
projections. □ 

Remark 2.13. The proof of Proposition 12.121 shows that the C*-algebra T{Q,v) is 
stably finite when there exist no compact open subsets of Q containing v. However 
its unitization has an infinite projection because it has a scaling element. Hence the 
C*-algebra T{Q, v) is not quasi-diagonal. 

Proposition 2.14. When Q \ {v} is a non-empty compact set, the C* -algebra 
0{VL,v) has an infinite projection. 

Proof. Let U be the image of t(l{t,}) G TiVt, v) via the natural surjection TiVt, v) — >• 
0{VL,v). Then similarly as in the proof of Proposition 12.121 we can show that U is 
a partial isometry with UU* < U*U. □ 
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When Q = {v}, the C*-algebra 0{Q,v) = C(T) has no infinite projections. 

3. C*-ALGEBRAS GENERATED BY SCALING ELEMENTS 

In the last section, we will show Proposition D and Theorem E by using results 
in the previous section. 

Take a scaling element X in some C*-algebra 21. Set Q = sp(|X*|) \ {0} which 
is a locally compact space. We define an injective *-isomorphism vr: Co{Q) — >■ 21 
by 7r(/) = /(|X|) for / G Co(fi). Take g e Co{n) and define / G Co[q) by 
f{x) = xg{x). Then the formula t{f) = Xg{\X\) extends a well-defined linear map 
t: Co(0) 21 satisfying t{f)*t{g) = Ti(fg) and t{f)-n{g) = t{fg) for f,g E Co(fi). 
Since X satisfies {X*X)X = X, we have n{f)t{g) = f{l)t{g) for f,ge Co{Vl). Hence 
the pair (vr, t) is an {Q, l)-pair. When Q is compact, we have t{lfi)t{la)* = 1q{\X*\). 
Therefore Proposition 12 . 61 shows that the C*-algebra C*{X) generated by the scaling 
element X is isomorphic to T(f2, 1) if X is proper, and to 0{Q, 1) if X is non-proper. 
This completes the proof of Proposition D. Theorem E follows from Proposition 
12.121 and Proposition 12.141 We also see that the C*-algebra C*{X) is type I and 
that vr: Co{Q) C*{X) induces an isomorphism between K-groups if X is proper. 
If a scaling element X is non-proper, the i^-groups of the C*-algebra C*{X) are 
isomorphic to the ones of \ {1}). 
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